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1 Notations

If S is a set then S denotes the set consisting of all finite sequences of length 4 of elements
of S.

We write S = {s1, s2,...,s,} for the set S consisting of the elements s1, so, ..., ;.

2 Introduction

The two primary concerns of information theory are:

e How to store information so that it takes as little space as possible. Typically we
have a file that we want to compress as much as possible and store in binary form.

e How to transmit information in the presence of random errors in the communication
channels.

3 Codes

Imagine that we want to store some genetic code. Sequences in genetics are written using
four letters:

AT C,G.

However, to store this information on our computer we need to “translate” it in a bi-
nary form, since all the files stored in our computer are ultimately in binary form. One
possibility could be for example:

A—1,T—10,C — 100, G — 1000.

In this manner, an A gives a 1 in the coded text, a T' is coded as 10,... With this example,

we obtain that the string:
AATAC

gets encoded as:
11101100.

The rule which allows us to write every finite sequence of letters from {A, T, C, G} as a
binary sequence is called a code. The original alphabet {A, T, C, G} is called the source
alphabet whilst {0, 1} is called the code alphabet. In other words, a code assigns to each



finite sequence of letters from the source alphabet a finite binary sequence. A code is thus
a map from the set of all finite sequences of letters from the source alphabet to the set of
all finite binary sequences.

Definition 3.1 Let S = {si,...,,} be a finite alphabet (a finite set of symbols). Then a
map C from the set of all finite sequences of symbols of S into the set of all finite binary
sequences s called a code. In other words, a code is a rule which assigns to each finite
sequence of symbols of S a finite binary sequence.

We will denote the text we want to encode by:
X=X X5...X,.

The text X consists of a sequence of n letters of the alphabet S and X; € S is the i-th
letter of the text X.

In the above example of a code, we had that each letter of the alphabet S was coded
separately into a finite binary string. This is a special situation. The codes which satisfy
this special property are called block codes. Not all codes are built in this way. A code
which would not be a block code could be constructed in the following way for example:
assign to A the digit 1, to T the digit 2, to C a 3 and to G a 4. Then write the original
text X be writing each number instead of the corresponding letter. This gives an integer
number written in basis 10. Rewrite this number in basis two. This sequence of operations
defines a code which is not a block code. For example, to code the short text AC, we
have to write the integer 13 in binary form. This gives 1101 for the encoded text.

Definition 3.2 Let C be a code:

C: DSi — O{O, 1}
i=1 i=1

Then C' is called a block code if there exists a map
c:8— U{O, 1}
i=1

such that for allm € N and aoll X = X1 X5...X,, € S™ we have:
C(X) = c(X1)e(Xs) ... e(Xy).

An important feature a code should have is that from the encoded information we can
retrieve the original information. During the encoding process we do not want to lose
information. We can retrieve the full information iff there are no two different texts
which are encoded into the same binary text. In the opposite case, we would be unable to
tell from which original text the encoded text comes from. Thus, it would be impossible,
given only the encoded text, to retrieve the full original information.



Definition 3.3 A code C': . .
C: USi — U{O, 1}
i=1 i=1

is called uniquely decodable iff for any two texts X € Jio, S and Y € o, S* such that
X #Y we have that
C(X)#£C(Y).

Apart from being uniquely decodable there is still another issue. Look at our first example
of a block code for the genetic alphabet:

C(A) =1,C(T) = 10,C(C) = 100, C(G) = 1000.

¢

This is a uniquely decodable code. Every time “ a new letter starts” in the binary code,
this is marked by a one. Given only the encoded version of a text, we can determine what
the original text was. However, if we see only part of the text, we might not be able to
decode this part correctly. For example, if we know that the text X starts with 1010010,
then we now that the original text started with an AC, but we don’t know if the next
letter is a T', a C or a GG. To figure out what the last 10 means, we need to know the
subsequent digits. In many practical cases, this is a situation one tries to avoid. One
prefers a code which one can decode bit by bit without having to look at subsequent bits.
Such a code is called an instantaneous code. An example of an instantaneous block code
C would be given by:

C(A) =1,C(T) = 01,C(C) = 001, C(G) = 0001.

For a word Y = Y1Y,...Y,, € {0,1}" any word Y,Y,...Y} for k < m is called a prefiz of
the code word Y. For example the word 0001 has as prefix the following words: 0,00,000

and 0001. The word “word” has as prefix the words: “w”,”wo”,”wor” and “word”. If the
word v is a prefix of the word w, we write:
v W.

Definition 3.4 A code C': U2, S" — UL, {0,1} is called instantaneous( also prefiz code)
iff for all X, Z € | J;2, S* we have that:

C(2) < O(X)

implies that
Z < X.

Note that a code which is instantaneous is also uniquely decodable.
For a block code the binary words that code the letters of the alphabet S are called code
words. In the example of a block code given by

C(A)=1,C(T)=01,C(C) =001,C(G) = 0001
the code words are: 1,01,001 and 0001.

Lemma 3.1 A code is instantaneous iff no complete word of the code is a prefix to another
code word.



4 The Kraft inequality and the McMillan inequality
Let us look at the following block code:
C(A) =1,C(T) = 01,C(C) = 001, C(G) = 0001.

Here A is coded into a word of length one, T" is coded into a word of length 2, C'is coded
into a word of length 3 and G is coded into a word of length 4 and this is an instantaneous
code. Now, if we where only given those lengths, is there a simple criteria to decide if
there exists an instantaneous code with these lengths for the code words? A necessary
and sufficient condition for the existence of an instantaneous code with given word lengths
is provided by the Kraft inequality (Kraft, 1945).

Lemma 4.1 Let S = {s1,Sa,...,5,} denote an alphabet. Letly, ... 1, denote a sequence
of natural numbers. Then, there is an instantaneous block code for the alphabet S such
that symbol s; is coded into a word of length l; for alli=1,2,...,q iff

q 1 l;
¥ (5) =
=1

Before giving the proof of the above lemma, we describe an algorithm which constructs a
instantaneous block code with given lengths for the code words.

Algorithm 4.1 Write the symbols sy, s, ..., 54 in an an order so that the corresponding
lengths become increasing:

h<lh<. . <l

1. Choose any binary word of length ly as code word C(s1) for s1.

2. Once the first r < q code words are chosen, choose a code word of length I, for
the symbol s,y1. Choose the code word C(s,41), so that no previously chosen code
word 1s a prefix to it.

Next we need to prove that when Kraft’s inequality holds, that is when:
q l;
1 1
E — ] <1
i=1

the above algorithm always works. This means, that at each step r where r < ¢, there
exists a binary word w which satisfies the two following conditions:

1. None of the preciously chosen code words is prefix to w.

2. The length of w is [,;1.



It is obvious that if at each step of our algorithm we can find a binary word satisfying the
two above conditions, then the resulting block code will be instantaneous. Thus, we only
need to prove that when Kraft’s inequality holds then at each step one can find such a
binary word. This is what we do next:

Proof. We proceed by induction on r. For s; it is clear that we can find a word of the
right length since there is no other conditions then length.

Assume now that » < ¢ — 1 and that for the symbols si, ss,...,s, we have found code
words C(s1),C(s2),...,C(s,) of the right lengths which are not prefix to each other.

Kraft’s inequality
q l;
1 (]
E — ] <1

i=1
implies
r 1 l;
— < 1.
>(3)

Multiplying both sides of the above inequality by 2+ yields:
D ol g, (4.1)
i=1

Note that 2+! is the number of binary words of length [,,;. For a word w of length
s < ly+1, we have that the number of words of length [, having w as prefix is equal to:

2l7-—s

Thus, the sum:
Z 2lr+1_li
i=1

is equal to the number of binary words of length [, having as prefix one of the code
words:

C(Sl), ey C(Sr).

In other words, inequality 4.1 tells us that there are strictly more binary words of length
l,11, than there are binary words of that length with a one of the words

C(Sl), cee, C(Sr)

as prefix. This implies that our algorithm manages to find a suitable code word for s, 1.
|

The next lemma says that Kraft’s inequality does not only hold for a instantaneous codes,
but also for uniquely decodable codes.



Lemma 4.2 Let S = {s1,S2,...,5,} denote an alphabet. Letly, ... 1, denote a sequence
of natural numbers. Then, there is a uniquely decodable block code for the alphabet S,
such that symbol s; is coded into a word of length l; for alli=1,2,...,q iff

q 1 l;
2(:) =
i=1

Proof. An instantaneous code is automatically also uniquely decodable. Thus, if the
Kraft inequality holds, there exists a instantaneous code such that |C(s;)| = {; for all
i =1,2,...,q. Thus, there exists also a uniquely decodable code such that |C(s;)| = {;
foralli=1,2,...,q.

So, we only need to prove the reverse side. That is we need to prove that if there exist a
uniquely decodable block code C' with |C(s;)| =1; for all i =1,2,..., ¢ then also

q 1 l;
2(3) =
1=1

Let us proceed by the absurd. Suppose on the contrary that there exists ¢ > 1 such that

()

1=1

<,Z: (%)l>n > " (4.2)

Let @ designate the set of natural numbers: @ :={1,2,...,¢}. Inequality 4.2 implies:

1 lk1+lk2+"'+lkn
> (5) > " (4.3)

Let Y7,Y5, ... be a sequence of i.i.d. Bernoulli variables such that

Then, for n > 1 we have:

P(Y; =1)=05,P(Y; =0) =0.5.

Let w be a binary word w = wyws ... w,. Let A, designate the event that the sequence
Y Y, ... starts with w that is

Aw = {}/1:1,()1,}/2:’11}2,.-.,}/;:’11)7«}.

Note that if |w| designates the length of the word w, then

P =(3)"



Thus,
1 lk1 sz"‘"""lkn
<§) = P(Aw)

where w is the binary word:
w = C(Sk18k2 Ce Skn> = C(Skl)C(SkQ) ce C(Skn)

,,,,, k, denote the event A, for w = C(sk, Sk, - - - Sk, ). With this notation, inequality
4.3 can be written as:

Ordering the terms of the sum on the left side of the last inequality according to the
length of C'(sg, sk, - - - Sk, ), we get:

YooY PlAnw) =z (4.4)
t keQn,|C(s)|=t

where k := (k1,...,k,) and s := S, Sk, - . . Sk,. Let [ denote the maximum length:

[ ;= maxl;.
1€Q

Then, |C(s)| can not be longer than n-l. This implies that inequality 4.4 can be rewritten:

Z > PlAn.m) = (4.5)

=1 keQm,|C(s)|=t

Note that since the code C' is uniquely decodable, we have that if s and z are different
strings with n letters of the alphabet S such that |C(s)| = |C(z)| then C(s) # C(z). Thus,
if s is different from z, then A, and A, can not hold at the same time, where w := C(s)
and v := C(z). In this case, A, and A, are disjoint events. This implies that for fix ¢,
the events Ay, x, for which |C(sg,)...C(sk,)| = t are disjoint events. The probability

.....

Y PAkk)=P U Auew | (4.6)

keQ™,|C(s)|=t keQ™,|C(s)|=t

Let A, be the event:

kEQm,|C(s) =t

(Note that A; is the event that the binary string:

YiYs. . Y,



is exactly equal to an encoded text with n symbols from S.) Using 4.6 with 4.5, we find:

zn: P(A) > (4.7)

The probability of an event is always smaller equal to one, and thus:
P(A) <1.
Using this in 4.7, yields:

nl

Z 1=1-n>c".

t=1
For large n however the last inequality does not hold, since ¢" grows much faster than [-n.
This finishes the proof and shows that if C' is uniquely decodable, the Kraft inequality
must hold. m

5 Entropy and the independent case

In this section, the letters of the text we want to encode are random and independent
of each other. We also assume that all the letters in the text have the same probability
distribution. Thus, X;, Xs, ... are random letters chosen from an alphabet S each having
the same probability distribution and independent of each other. The text we wish to
encode is denoted by X = X;X5... X,,.

Let E be an event. If we are told that the event E has happened, we say that we received
a quantity of information equal to

1 1

0 — .

Let R C S be a subset of letters from the alphabet S. If we are told that the letter X is
in R, we receive a quantity

I(R) = log, (m)

of information. For s € S, let p, designate the probability of letter s, that is p, = P(X; =
s). When we are told that the i-th letter of our text X; is equal to s, we thus receive an
amount of information equal to
1
log <—) .
>\ ps

On the long run, a proportion p; of letters are equal to s in the text X. Hence the average
amount of information receive per letter when we send the message X = X;Xs,... X, is

equal to:
: (]%)
E s .

seS
The above quantity is called entropy of the random variable X.
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Definition 5.1 Let Z be a random variable taking on values from a set S. Then, the

number: )
P(Z =s)l _
2Pz =)l (P<Z=s>)

seS

1s called entropy of the random variable Z.

Next we show that the entropy of two independent random variables is the sum of their
entropy.

Lemma 5.1 Let X,Y be two independent random wvariables taking values in S. Let Z
denote the random pair Z = (X,Y) which takes values in S x S. Then, the entropy
H(Z)=H(X,Y) of Z is equal to:

H(X)+ H(Y).

Proof. For (z,y) € S x S, let p(,) denote the probability P(X = z,Y = y). Let
ps = P(X = ) and let p, := P(Y = y). We have that

Z p(xy lOg (

(z,y)eSXS P(z, ))

By independence p(,,) = p, - p,. Hence:

» y;sxspmpy log ( ) ST pepy (log ( ! ) +log (piy)) .

(z,y)eSXS

Using distributivity and regrouping the terms of the sum above in different order, we find:

S, (zpmmg( ))+zpm (zpymg( )):H<x>zpy+ﬂ<y>sz.

yeSs z€S z€eS yeSs yeS z€eS
(5.1)
Since probabilities always add up to one, we have that

Zpy - Zp:c = 17

yeSs z€eS

which with 5.1 implies that
H(X,)Y)=H(X)+ H(Y).

u
For a word w, let |w| denote the number of letters in w. Thus, for example: |heinrich| =
8.

10



Take as an example an alphabet consisting of 3 letters S = {a,b,c}. Assume that the
probabilities of each letter are:

Pe = P(X1 = a) = 30%, p, = P(X; = b) = 40%, p. = P(X; = c) = 30%.

The goal is to find a uniquely decodable code that compresses the text X = X;...X,
maximally. Let C' denote a block code. Wanting to compress the text X maximally means
that we want to minimize the average length per letter X;. In other words, we want to
minimize the quantity:

E[|C(X1)]] = 1.30% + 1,40% + 1.30%
where [, [, [, designate the lengths of the different code words:
la =|C(a)l,ly = |C ()]l = [C(c)].
The constrain is that C'is uniquely decodable, which is equivalent to McMillan’s inequal-
ity:
1\  /1\" [1\"
- — -] <1. 2
() <)+ () = o2
The optimization problem we are faced with is thus: find z,y, z > 0 minimizing:

flz,y,2) =2 -30%+y-40% + z - 30%

9(z,y,2) = (%)Z (%)Z @) <1

To solve this problem we use the Lagrange method. Thus, we look for x,y,z and X\ # 0
such that A - grad(f) = grad(g). This, then gives:

under the constrain

A (Pa, Po, ) = (0.5%,0.5Y,0.5%)
which is equivalent to:
($7 Y, Z) = (_ 10g2()\pa)7 - 10g2()‘pb)7 - 10g2()\p0)) :

If we want:
g(xvyaz) = 17

we have to put A = 1. Hence, we find the optimal solution
1 1 1
r=1logy | — |, y=logy | —],z=logy | — |-
Pa Py De

11



With these optimal values, we find that the minimum possible value for the objective
function f under the constrain 5.2 is equal to:

1 1 1
Palog, <—) + py log, <—) + p.log, <—)
DPa Py Pe

which is equal to the entropy H(X;) of Xj.
However these optimal values might not be feasible because the lengths [, l;, . need to
be integers while it is possible that the optimal values x,y, z are real numbers but not

integers. This implies that H(X;) is a lower bound for the minimum possible expected
length per symbol E[|C(X)|]. Thus,

H(X,) < E[C(X1)]]

for any uniquely decodable block code C. On the other hand, we can always take for the
lengths [; the first integer larger than log,(1/p;). This changes the quantity x-p,+y-py+2-pe
by at most one. Furthermore, the thus found integers still satisfy McMillan’s inequality.
This means that there exist a uniquely decodable block code C' such that E[|C(X;)|] <
H(X1)+ 1. We have just proved Shannon’s first theorem:

Theorem 5.1 Let C' be an instantaneous block code for a text X = X1Xo...X, with
independent letters with same distribution. Then,

H(Xy) < E[|C(X0)]]
Furthermore, if C' denotes a block code with shortest expected code word length then:
H(Xy) < E[|C(X0)]] < H(X1) + 1.

Let us look at a practical example. Let us assume that the alphabet S consists of two
letters S = {a, b} and
Pa = 90%, pp = 10%.

The best a uniquely decodable block code can achieve in the case is an expected length
per symbol of 1. This, means no compression at all. Such a block code is for example
given by:

C(a) =0,C(b) = 1.

A text like abba would then be encoded as 0110. So the encoding keeps the same length
as the original text and thus there is no compression. To improve this, we can encode
an extension of S instead of encoding S with a block code. Take for example the second
extension S? of S. This is simply the Cartesian product S x S, that is the set consisting
of all ordered pairs of elements of S. We find that S? = S x S consists of four letters:

S?=8xS={C=uaa,D=ab,E = ba, F = bb}.

12



We proceed as follows: we find a block code for the alphabet S?. We first rewrite the text
with letters of S?. And then we encode this using a block code for S2. Define for example
a block code C for S? in the following manner:

C(C)=C(aa) =1,C(D) = C(ab) = 01,C(E) = C(ba) = 001, C(F) = C(bb) = 000.
This is an instantaneous code since no code word is prefix to another. with this code the
text abba gives the letter DE which is encoded as: 01001.

Note that:

P(aa) =0.9-0.9 =0.81, P(ab) = P(ba) = 0.9 -0.1 = 0.09, P(bb) = 0.1-0.1 = 0.01.
Thus, the expected length of the C-encode message per symbol of S? is equal to:

1-0.81+2-0.09+3-0.09+3-0.01 =1.29.

Each symbol of S corresponds to two symbols of S. This implies that the expected length
per symbol of S is equal to 1.29/2 = 0.645. Hence by coding the second extension of S
instead of using a block code of S we can compress the text by 35.5%. We could still
improve this result by coding a higher extension, for example S® = S x S x S.
We can rewrite Shannon’s first theorem for a block code of the k-th extension S*. Assume
that the length n of the original text X = X;X5... X, is a multiple of k so that n = mk.
We rewrite the text X by taking blocks of k letters together, so as to obtain symbols of
Sk Written, in this form, the text X can be seen as a sequence X = Z1Z,...Z,, of m
independent letters Z; from the alphabet S* where:

Zl = X1X2 .. .Xk,

Zy = X1 Xy - - Xog,

23 = Xopp1Xopta ... Xag,

Let C denote a block code for S*¥. C' can also be used to encode X by putting:
C(X):=C(2)C(Zs)...C(Zy).

Let C denote a uniquely decodable block code for S* minimizing the expected length
E[|C(Z,)|] among all such block codes. Applying Shannon’s first theorem yields:

H(Z) < BIC(Z)]) < H(Z) +1. (5.3)

Since, Z; = X1X5... X}, and since the random letters X7, X5, ... are all independent
of each other and have same distribution, we find by lemma 5.1:

H(Z)=H(X1)+ H(X2)+ ...+ HXy) = k- H(X).
Plugging this into 5.3 and dividing by k yields:
El|C(Z 1
H(Xy) < M < H(X) + ¢

Note that that E[|C(Z1)|]/k is equal to the expected code length E[|C(X)|]/n per symbol
of S. This gives the second version of Shannon’s first theorem:

13



Theorem 5.2 Let C be a uniquely decodable block code for the extension S* with short-
est possible expected code-word length E[|C(Z1)|]. (Shortest possible among the uniquely
decodable block codes for the extension S*). Then:

BICCOL _ iy 4 1
n - k'

Here, |C(X)| designates the length of the encoded text and n is the number of letters in
the original text X.

H(X;) <

Summary Let us summarize this section. This is about the case when the letters in
the original text are independent of each other. There are two possibilities:

1. The first possibility is when for each letter s € S, the probability ps = P(X; = s)
can be written in the form: z
1 S

== 5.4

v~ (3) (5.4)

where [, is a natural number. In this case, there exists an instantaneous block code
which achieves maximum compression. The average space per encoded letter is
equal to H(X;) bits. The length of the code word C(s) encoding letter s, is equal
to the number [, from equation 5.4.

2. The second case is when the probabilities of the letters from s are not all equal
to natural number-powers of 1/2. In the case, maximum compression can not be
reached using a block code on the alphabet S. Instead one can use a block code on
an extension of S. By choosing to encode a high enough extension, one can get as
close as one want to the maximum possible compression. By encoding blocks of &
letters of S at a time it is possible to get as close as 1/k to the rate of H(X;) bits
per encoded letter.

6 Compact codes

In the previous section we saw how we can get as close as we want to optimal compression
by encoding large enough blocks of letters at a time. In many practical cases it is however
not possible to take very large blocks of letters. Consider for example the case where S
is the ascii alphabet. This alphabet consists of about 100 symbols. How many exactly?
Can somebody send me an E-mail about this. If we want to encode the fifth extension
S5 of S, we are dealing if all the sequence of five letters of S. There are thus about
|S]° = 1005 = 10000000000 symbols in S°. If we wish to find a block code for the 5-th
extension S® we need to find a code word for each of the 10*0 symbols of S°. In this
case, it is easier to to encode a smaller extension even if this means less compression. In
this situation one wishes to find the best possible compression among all block codes for
a given extension. This means that one tries to find a code which among all block codes
for a certain extension minimizes the expected code word length.

14



The general problem is thus to find an optimal instantaneous block code for a given set
of symbols S. (The set of symbols could be an extension itself.) By optimal, we mean
minimizing the the average length of the encoded text per symbol of the original alphabet.
This is the same as to search for a code C' that minimize the expected code word length
EflC(X)]].

Let S be an alphabet. Let C denote the set of all possible instantaneous block codes
K : S — Ux,{0,1}". Assume that X;, X5, X3,... is a sequence of i.i.d. random letters
taking values in S. For s € S, let ps; denote the probability of letter s, i.e.

ps = P(X1 = s).

Definition 6.1 Let C' : S — U;{0,1}" be a instantaneous block code. Then, C is called
a compact code if it minimizes the expected length of the encoded code word E[|C(X1)|] =
Y ses |C(s)|ps among all instantaneous block codes for S.

Thus, C': S — U;{0,1}" is a compact code iff for all instantaneous block code K : S —

Ui {0, 1} we have:
STIC) s < DK (s)|ps:

ses ses

Note that a code is compact with respect to a set of probabilities p,, s € S. If we change
the probabilities on the random letters a compact code might no longer be compact.
Next, we present an algorithm to construct compact codes. Let us first give two practical
examples. Consider a four letter alphabet {a,b, ¢, d, } and the probabilities:

Pa = 40%, pp = 30%, p. = 20%, pa = 10%.
Take the code C such that:
C(a) =0,C(b) = 110,C(c) = 10,C(d) = 111.

This is obviously a instantaneous code, but could it be compact? At first glance one can
see that C' can not be compact. The code word for b is longer than the code word for ¢
although b has larger probability than c¢. So by exchanging code words and giving b the
code word 10 and ¢ the codeword 110 one can obtain a new instantaneous code with strictly
reduced expected code word length. Hence, C' can not be optimal. It is thus necessary
that the length of the code words decreases as the probability of the corresponding letters
increase. Let [; denote the length of the code word C(s) of letter s. For C' to be compact
it is thus necessary that the following condition holds:

e For 51,59 € 5, if ps, < ps, then 5, > Ig,.
Let us look at another example of an instantaneous block code C"
C(a) =0,C(b) =10,C(c) = 110,C(d) = 1111.

Here, the condition that the code-word-lengths decrease with increasing probability of the
letters, is satisfied. However, one can immediately see that C' is not compact. As a matter

15



of fact, the code word of the letter with smallest probability d could be reduced by one
bit: Instead of taking 1111 for d, we could take 111. Thus C' is not compact. The reason
why we can remove the last bit of the code word of d and still get an instantaneous code
is the following:

there is no other code word with same length as C'(d) = 1111 and which is identical to
C'(d) except on its last bit. Thus, another necessary condition for a code C' to be compact
is:

e The two letters with smallest probabilities must have code words of the same length
which differ from each other only in there last bit.

Let us replace the code word for d by the code word 111 in the last example. For the
new code which we obtain, see that the above condition is satisfied. The two letters with
smallest probabilities are ¢ and d. Their code words are with the new code 110 and 111.
Assume now that the code C satisfies the last condition. For example take:

C(a) = 0,C(b) = 10,C(c) = 110, O(d) = 111.

We are going to reduce the problem of finding a compact code for an alphabet with k
letters to the problem of finding a compact code for an alphabet with k — 1 letters. For
this we take the two letters with smallest probability and “melt” them into one letter. The
new resulting letter, has probability equal to the sum of the probabilities of the melted
letters. In the example above, we replace the alphabet {a, b, ¢, d} by the 3-letter alphabet:
S* ={a,b, v}, where

Dy = Pc Tt Pad-

As we will show, it turns out that we can find a compact code C for S in the following
way:

1) Find a compact code K for the reduced alphabet S*.

2) For the letters s which appear in both alphabets S and S*, let the code word C(s) of
s be the same as with K, that is C'(s) := K(s).

3) Let r,t be the two letters in S with smallest probability. These are the letters which
got “melted” down into one letter . Take for them the code word of K(v) and add a 0,
resp. a 1 to get the code word for r and for ¢.

In the previous example, if v has code word 11 then take 111 as code word for r and 110
as code word for t.

Lemma 6.1 Let r,t designate the two letters with smallest probability in the alphabet S.
Let S* designate the reduced alphabet where the letters r,t were replaced by a letter v with
probability p, == p, +py. Let K be a compact code for S*. Let C be the code for S obtained
by adding a suffix to K(r) and K(t):

o ((s):=K(s) forall s € S —{r,t}
o C(r):
o C(t):

K(r)0
K(t)1
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Then, C is a compact code for S.

Proof. Suppose on the contrary that C' is not a compact code. Let D : S — U;{0,1} be
a compact code. Then, since C' is not compact:

S IDE)ps < 3 1C() s (6.1)
ses seS

Since D is compact, it satisfies the property that the two letters of S with smallest
probability must have code words which are equal except for their last bit. Define thus
a code D* on the reduced alphabet S* in the following manner: for all s € S — {r, ¢} let
D*(s) :== D(s).

Let D*(y) be the code word obtained from D(r) by removing the last bit. We find:

> ID(s)|ps = (Z ID*(S)\ps> + P+ (6.2)

ses seS*

Reducing the code C' in a similar way gives the code K. Thus,

D 1C(s)ps = (Z |K(5)|ps> +Dr 4+ 0 (6.3)

ses sES*
Plugging 6.2 and 6.3 into 6.1 yields:
DD (s)lps < Y 1K (s)lps
sES* sES*

It is easy to see that D* is an instantaneous block code since D is (prefix-freeness). Hence
the last inequality contradicts the fact that K is a compact code. Thus, C' must be a
block code. m

7 Expected length of encoded text and entropy

Let Z; be a random variables which can take values in a set 2. For z € Q, let p. designate
the probability that Z; takes on value z, i.e. p, = P(Z = z). Then, the expectation is
E[Z,] is defined to be equal to:

Let us first recall the Law of Large Numbers from probability theory:

Theorem 7.1 Let Z1,Zs, ... be i.i.d. (= independent and identically distributed) random
variables. Then, as n goes to infinity we have that:

LW+ Zy+ ...+ 2,
n

— E[X)]. (7.1)
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Hence, the average of Z1 + ...+ Z,/n converges to the expectation E[Z] as n goes to
infinity. In a less mathematical formulation: for large n, expression 7.1 is very close to
the value E[Z].

Let us look at an example. Let Z; be a four sided die with sides 1,2,3 and 4. Assume
the die is biased and that the probabilities of each side is given by:

P(Zy = 1) = 10%, P(Z, = 2) = 40%, P(Z, = 3) = 10%, P(Z; = 4) = 40%.

The expectation E[Z;] of Z; is obtained by multiplying the probabilities by the corre-
sponding values and summing over the different values:

E[Z]=1-0142-04+3-0.1+4-04=28

In this case, (Z1+Zs+. ..+ Z,)/n designates the value which we obtain when we throw the
die n-times independently and then take the average. Hence, in the case of this example,
the Law of Large Numbers tells us, that for large n the average (71 + Zo+ ...+ Z,)/n is
close to 2.8.

Assume that we are in the case of a random text X consisting of ni.i.d. letters Xy, Xs,..., X,
so that X = X1 X5...X,. Let C be a block code. Then the length of the encoded text
C(X)=C(X1)C(X3)...C(X,) is equal to:

|C(X)| = [C(XD)][ + |C(X2)| + ... + [C(X)].
For example: assume we have a three letter alphabet S = {a,b, ¢} and a code C":
C(a) =0,C(b) = 10,C(c) = 11.

Assume that n = 4, that is the text X has length 4. We thus throw a die 4 times to
get four random letters. For example we could get X; = a, Xo = a, X3 = b, X4 = ¢, and
hence the original text would be equal to:

X = aabe.

Encoding X yields: C(X) = C(aabc) = C(a)C(a)C(b)C(c) = 001011. The length |C(X)]
of the encoded text is thus

IC(X)| =|C(a)|+ |C(a)]| +|CD)|+|C(c)|=14+1+2+2=06.

Let Z; denote the length of the i-th encoded letter X; of text X. Thus Z; = |C(X;)|.
With this notation the length |C'(X)| of the encoded text equals:

C(X)|=Z1+Zo+ ...+ Z,.

Since, the X;’s are independent and have same probabilities so do the Z;’s which are
function of the X;’s. We can thus apply the Law of Large Numbers to the Z;’s. We find
that for large n, the average (Z; + ...+ Z,)/n is approximately equal to E[Z;]. Thus,

Zy+ .+ Ty B[Z)) =n- B[C(X))|).

18



The conclusion is:

The length of the encoded text is approximately equal to the
expected length F[|C(X;)|] of the code word times the number of
letters, as soon as the length of the original text is not too small.

Probability theory (Central Limit Theorem) tells us that this approximation is very good:
the difference between Z; + ...+ Z,, and n - E[Z;] is with high probability no more than
order o(n%). Most of the time, we consider texts for which n, the number of letter is
large so that o(n%) is negligible in comparison to n. If the text X for example has length
n = 10000, then nz = 100. So, the encoded text length is proportional to 10000 plus
minus something of the order of 100: C(X) = 10000... E[|C(X1)| + —o(100).

8 Convexity of entropy

Assume that a random letter X; has probabilities given by:
P(X; =a) =20%, P(X; =0b) = 30%, P(X; = ¢) = 50%.
Note that we can summaries the situation in a three dimensional vector:
(0.2,0.3,0.5).

We write £(X;) for the probability distribution of X;. The vector specifying all the
probabilities of the random letter X is called the probability distribution of X;. If a
random letter takes values in an alphabet .S with ¢ letters, then the probability distribution
of that letter can be seen as a ¢-dimensional vector. For example, if X is a fair coin which
is equal to one with probability p and equal to 0 otherwise, we have that

L(X1) = (pp—1).
Assume that we have two four sided dice X; and Y; with different probabilities:
P(X; =a) =20%, P(X; =b) =30%, P(X; = ¢) = 30%, P(X; = d) = 20%
and
P(Yy =a) =25%, P(Y1 =b) = 25%, P(Y1 = ¢) = 25%, P(Y; = d) = 25%.

Assume that we have a coin where side 1 has probability p and where 0 has probability
1 —p. We can now use the coin and the two dice to generate a new random variable: we
flip the coin and then decide which coin to use based on the side of the coin. With the
chosen die we generate a random letter. The letter thus obtained can be denoted by 7.
The probabilities of Z; are given by

P(Zy=a) =02p+025(1—p), P(Z =b)=03p+0.251—p),
P(Zy=c¢)=03p+0.25(1—p), P(Z, =d) = 02p+0.25(1 — p).
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In vector notation, we find:
L(Z1) =p (0.2,0.3,0.3,0.2) + (1 — p) (0.25,0.25,0.25,0.25) = pL(X7) + (1 — p)L(Y1).

The distribution of Z; is called a mixture of the distributions of X; and Y;. Thus, in this
case L£(Z;) is a linear combination of £(X;) and of £(Y7). Note that the entropy of X
depends only on the “probabilities”, that is of the entries in the vector £(X;). Hence,
the entropy H(X;) can be seen as a function of £(X;). Thus, H(X;) = H(L(X;)). Next
we prove that entropy is a concave function.

Lemma 8.1 Let S designate an alphabet with q symbols. Let X1 and Y, be two random
letters taking values in S. Let p € [0,1]. Then:

H (pL(Xy1) + (1 = p)L(Y1)) = pH (L(X1)) + (1 —p)H (L(Y1)) -
In other words the entropy function H(.) is concave.

Proof. Take for example a three letter alphabet S = {a, b, c}. Then, the entropy function
H is
1 1 1
H 2 (paspos Pe) = palogy | — | +pplogy | — ) +pelogy | — |-
p Py p

a Cc

1 1 1
H: (z,y,z) — zlog, (;) + ylog, (;) + zlog, (;)

where we only consider non-negative values for x, y and z.
Let us look at the function f(.):
1
f:x— xlog, (—)
x

for x > 0. Taking the second derivative, we find:

Pf _dlog(l/n)—=1) _ 1

In other words,

2z dx T
For z > 0 we have that —(1/z) < 0. Thus, the function f is concave. It follows that H
is a sum of three concave functions: zlog,(1/x), ylog,(1/y) and zlog,(1/z). The sum of
concave functions is again concave. Thus, H(.) is concave m

9 Entropy of joint variables

Theorem 9.1 Let X; and Y be two random variables. Then
H(X1,Y1) < H(Xy) + H(Y?1)

with equality iff X1 and Y, are independent.
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Before giving a proof let us see an example. Let X; and Y] be two random letters from
an alphabet S = {a, b, c}. Imagine the joint probability of X and Y is given by:

pa,a pa,b pa,c O 1 005 005
Pba DPbp Pbe | = 0.2 0.05 0.01
Pcia Pep Pec 0.04 0.3 0.2

where p, , designates the probability P(X; = a,Y; = a) and p,; designates the probability
P(X;=a,Y; =b) and ...

Then, (X3, Y7) is an ordered random pair, or call it a 2-dimensional random vector. Denote
the random pair (X1, Y]) by Z;. What is the entropy of Z;? To calculate the entropy of a
random object, we need to take the probability of each possible outcome and multiply it
with the logarithm of the inverse of its probability. Then we sum over all possible states.
For Z; there are in this example 9 possible states. Thus we find:

1
H(Zy) = H(X1,Y1) = Z Pr,s 10g (p ) :

In our example, thus:

1 1 1 1
H(Zl) :pa,a lOg < ) +pa,b lOg < ) +pa,c lOg ( ) +pb,a 10g <—> +
Pa,a Pa,b Pa,c DPbv,a

1 1 1 1 1
+ peplog | — | + pyclog + Do log + peplog + pe,clog :
Puvp Pu,c Pe,a Deb Pe,c

H(Z,) =0.11log(1/0.1) + 0.0510g(1/0.05) + ...+ 0.3log(1/0.3) + 0.210og(1/0.2).

Thus:

Let us calculate next the the entropies of X; and Y;. For this we need to find what the
“probabilities” for X; and Y; are.
We have that

P(Xl = CL) = Pa,a +pa,b +pa,c =0.14+0.05+0.05=0.2

and
P(X1="5) = poa+Dop+ Poe =0.240.05+0.01 = 0.26

and
P(X1 = ¢) = pea + Pep + Pee = 0.04 + 0.3 + 0.2 = 0.54

Thus, the entropy H(X;) of X; is equal to:
H(X)) = 0.210g,(1/0,2) + 0.05logy(1/0.05) + 0.05 log,(1/0.05).

In a similar way we could calculate H(Y7). Let us next present a very intuitive proof of
lemma 9.1. Let for this Z;, Zy = (X, Y3), Z3 = (X3,Y3),... be a sequence of independent
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copies of the random pair Z; = (X1,Y]). Let Z be a text of n independent random letters,
so that:
7 = leg e Zn

Assume that n is large. We saw that the minimum space to store a random text of i.i.d.
letters is about n times the entropy of one random letter. (Here n is the length of the
text.) By maximum compression without information-loss the text Z requires thus for
storage:

H (Z 1)71

bits of space. Now we could also store it by taking the two text X and Y separately
and compressing each of them maximally. (Here X designates the random text X :=
X1 Xs... X, and Y :=Y1Y,...Y,.) For text X, we need about

H(Xl)n
space and for Y, we would need about
H(Yi)n

bits of space. Thus the total space needed if we compress X and Y separately and store
them in two files is H(X)n + H(Y)n. Clearly if we store X in a manner to not lose any
information and same thing for Y then from the two files we will be able to reconstruct the
text Z. Thus, there exist a compression of Z with no information-loss which requires about
H(X1)n+ H(Y1)n. The optimal compression of Z can not be worse, than compressing X
and Y separately. (Otherwise it would not be the optimal compression.) Thus, H(Z;)n
is about less or equal to H(X;)n + H(Y1)n. Hence, H(Z1)n < H(X1)n + H(Y1)n from
which it follows that
H(Z1) < H(X1) + H(Y3).

Let us next give more mathematical proof of theorem 9.1:
Proof. Still to be written down. m

Lemma 9.1 Let X; be a Bernoulli variable with parameter p. That is P(X; = 1) = p
and P(X; =0)=1—p. Then

H(X)) = plog (%) +(1—p)log (%)

Definition 9.1 For p € [0,1] we define the entropy function H(p) at p in the following

way: H(p) = plog (%) + (1= p)log (ﬁ)

At p =0 and p =1 define H(p) by continuity to be equal to 0.
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Lemma 9.2 The function H(p) reaches a maximum at p = 1/2.

Lemma 9.3 Let S be an alphabet with q symbols in it. Let X1 be a random letter taking
values in S. Then, H(Xy) is maximum when each letter has same probability. When all
the Q letters in the alphabet S have same probability, then H(X;) = log(q).

The last lemma can also be phrased in the following way: the function

[ 1,02, -, pg) = f(P1, D2, .- sDg) = P1log(1/p1) + ... + pglog(1/pg)

under the constrain
P1,P2,---,Dq 2 0

and
pit...+p,=1

is maximized when

1
P1=pP2=...=Pg= —.
q

10 Markov sources

In many cases, the assumption that letters in a text are independent of each other is not
realistic. For example, the probability of encountering a e in a English text might be
10%. So if the letters where independent, the probability to encounter a string eee would
have probability 0.1%. However, the string eee never appears in English. This shows
that in an English text letters are not independent of each. Another example is: take the
letters k and ¢. Both have probabilities to appear in an English text different from zero.
However, the string gk never appears in English.

One of the main models used to approximate many real life situation is called Markov
chain. Let X = X;X,...X, designate a random text consisting of random letters
X4, Xs,.... We say that the sequence of random letters

Xy, X9, X3, ...

has the Markov property, if what each letter is equal to depends only on the letter right
before. By this we mean the following: assume that the random letters X, X,,... are
from an alphabet X = {a,b,c}. Then, if we have the Markov property, we can calculate
the probability of what letter X is going to be, if we only know letter X;_;. In the Markov
case, for example if we know say that X; = a, X5 = b, X35 = ¢ and want to calculate what
the probability P(Xy = a|X; = a, Xy = b, X3 = ¢) is, then we only need to know that
X3 = c. In other words, the conditional probability

P(X4 = a\Xl = CL,XQ = b,Xg = C)
depends only on X3. Thus, with the Markov property we have that:
P(X4 = CL|X1 = CL,X2 = b,Xg = C) = P(X4 = CL|X3 = C).
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Definition 10.1 We say the sequence of random wvariables X1, Xs,... has the Markov
property iff for all (non-random) sequence s1, S2, . .., sj41 we have that

P(Xj+1 = 8j+1|X1 = 81,X2 = S9,... ,Xj = Sj) = P(Xj+1 = 8j+1|Xj = Sj).

The probability to go from one letter r to the next s is called the transition probability from
state r to state s. We are mainly interested in transition probabilities which don’t change
but remain fix. A Markov process which keeps always the same transition probabilities is
called a Markov chain.

Definition 10.2 We call the random sequence X1, Xs, ... a Markov chain if it has the
Markov property and if for all r,s € S, the transition probability

P(Xj = s|X;=7)
does not depend on j. The probability
P(Xj = s|X; =)
is called transition probability from state r into state s and is denoted by p,_s or also by

Drs-

We usually write down the transition probabilities in form of a matrix. This matrix is
then called transition matriz. Imagine for example a 2 letter alphabet S = {a,b,} and
the following transition matrix:

p_ Paa Pab \ _ 0.2 0.8
DPba  Pbb 0.3 0.7
In this case we have:

after an a we have again an a with 20% probability and a b with 80% probability, after a
b, we have with 30% probability an a and with 70% a b.

On important property of the i.i.d. case: all the letters X, X5, X3,... have the same
probabilities. Thus, we have that

P(X,=a)=P(Xs=a)=P(Xs=a)=... (10.1)

and
P(X;=b)=P(Xo=0)=P(X35=0)=... (10.2)

This property is not shared by Markov chain. However, the Markov chains we consider
here (the non-cyclic irreducible ones) have the property that they quickly converge into
a “stationary regime” where 10.1 and 10.2 approximately hold. When for all s € 5,

P(X,=s)=P(Xs=5)=P(X3=5)=... (10.3)

we way that the Markov chain is in a stationary state. After a while most Markov chains
converge into a stationary state. Since we are only interested in rather long texts in
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information theory, we can always assume that our Markov texts are in a stationary
state. This stationary probabilities for different s € S will be denoted by 7(s) and can
be calculated by solving by the equation:

(m@) 7)) =(n(a) (v ).(paa pab)

Pba Dbb
and ) o m(s). The stationary probability 7(s) of symbol s, represents the long term
frequency of s in our Markov text X. It is also approximately is equal to the probability
that the j-th letter X; of our text is a s, provided j is not too small. Let us next look at

what is the best way to encode a Markov text. Assume that we have a 3 letter alphabet
S ={a,b,c} and a transition Matrix:

1/2 1/4 1/4 Paa  Pab  Pac
1/4 1/2 1/4 = Poa Pvb Phe
1/4 1/4 1/2 Pca  Pcb Pece

In this case, if a letter is preceded by an a, then the probability that this letter is equal
to :
an ais 1/2,abis 1/4, a cis a 1/4.// On the other hand, if a letter is preceded by a b,
then the probability that this letter is equal to :
an a is 1/4, a b is 1/2, a ¢ is a 1/4.// Finally, if a letter is preceded by a ¢, then the
probability that this letter is equal to :
anais 1/4,abis 1/4, a cis a 1/2.// for each of these three cases another coding scheme
is optimal:
1) In the first case, that is when the letter is preceded by an a, an optimal code D is given
by:

D(a) =0,D(b) = 10, D(c) = 11.

2) In the second case, when a letter is preceded by a b, an optimal code F' is given by:
F(a) =10,F(b) =0, F(c) = 11.

3) If a letter is preceded by a ¢ an optimal code G is :
G(a) =10,G(b) = 11,G(c) = 0.

Thus, to achieve optimal compression with a Markov text we apply to each letter a
different code depending on the preceding letter.

Let us illustrate this by an example of a text we encode using the above described method.
Let the text to encode be equal to X = X1 X5 X3X,X5 = aabca.

For the first letter X;, we make the convention that it is preceded by an a. So we use
code D to encode it and find D(X;) = D(a) = 0.

The second letter X, of the text X is preceded by an a. So we use code D to encode it.
We find that D(X3) = D(a) = 0.

The third letter X3 is proceeded by an a. We hence use code D. We get D(X3) = D(b) =
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10.

The fourth letter is preceded by a b. Thus, we use code F'. We find F(X,4) = F(c) = 11.
In a similar, way we find that the last letter X5 needs to be encoded with code G. We
find G(X5) = G(a) = 10.

Eventually, when we encode the text aabca using this method, we get:

D(a)D(a)D(b)F(c)G(a) = 00101110.

Let us look at another example: assume the alphabet we consider is S = {a, b} and let
the transition matrix of the Markov chain is given by

P < 0.25 0.75 ) B ( Pio Py )
0.75 0.25 Pyoo Py,
Here, a letter which is preceded by an a is equal to an a with 25% probability and to a b
with 75% probability. However, “probability” 0.75 is not an integer power of 1/2. Thus,
optimal compression can not be reached if we encode each letter at a time. Instead we
need to take large blocks of such letters and encode them together. To do this we need

to separate the letters which are proceeded by an a from those which are preceded by a
b. Let us next give a few useful notations and definitions:

e Let N® designate the total number of a’s in the text X = X1 X5... X,,.
o Let Y, designate the ¢-th letter in the text X which is preceded by an a for i < N¢.

e Let Y designate the text we obtain if we take only the letters which are preceded
by an a. Hence:
Y =Y1Y5... Yya.

e Let N® designate the total number of b’s in the text X.
e Let Z; designate the i-th letter of X which is preceded by a b for all i < N°.

o Let 7 = 7Z17,...Zyo designate the subsequence of letter from X, which we obtain
if we take only the letters which are preceded by a b.

The most important facts about the “subtexts” Y and Z are:
e Y and Z are independent of each other.

o If we are given Y and Z, we can “reconstruct” X. (For this we always make the
assumption that the first letter X is a letter preceded by an a.) Hence, Y and Z
uniquely determine X and thus contain the full information contained in X.
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e The letters Y7, Y5, ... are i.i.d. with
P(Y; = (I) = Pa—a P(Y; = b) = Pa—b-

e The letters 71, Z,, ... are i.i.d. with
P(Zi = @) = DPb—a, P(Zi = b) = Pb—b-

This solves the question of what minimum space is needed to store a Markov text X
without loss of information. Since the information contained in X is equivalent to the
information contained in the two text Y and Z, storing X is the same as storing Y and
storing Z. Since Y and Z are independent of each other, we can not use one of them
to store the other on less space. We have to encode Y and Z separately. The minimum
amount of space needed to store X is equal to the space needed for Y plus the space needed
for Z. But the texts Y and Z are both i.i.d. texts. Hence, their maximal compression is
given by their entropy.
The minimal space for Y, is approximately H(Y;) times the number of letters in text Y.
Hence, the space needed to store Y is equal to H(Y;)N®. However, N* is approximately
equal to w(a)n. Hence, the minimum amount of space needed to store Y is approximately
equal to H(Y;)m(a)n.
In a similar way, we find that the minimal space needed to store Z is approximately
H(Z;)w(b)n. Hence the total space used to store X (that is to store Y and Z separately)
is approximately:

H(Y;)m(a)n + H(Z;)m(b)n.

This gives an amount of space of
H(Y;)m(a) + H(Z;)7(b) (10.4)

per symbol of the text X. Expression 10.4 is called entropy rate of the Markov text X.
We have that

aa Pab

1 1
H(Y;) = Paa log, (p—) + Pap log, <—)

since Y; is equal to a with probability p,, and is equal to b with probability p,,. Similarly:

1 1
H(Z;) = ppq log, <—) + py 1og, <_)
Pba Pub

since Z; is equal to a with probability py, and is equal to b with probability py,.
Important: For a Markov process which is not i.i.d. the entropy rate is different from

the entropy H(X;) of a letter of X.

Let us explain how to encode a Markov text and reach optimal compression (or close to

it).

1. Take the random text X and separate the letters which are preceded by an a from
those which are preceded by a b. After separation you obtain the two text of i.i.d.
letters Y and Z.
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2. Chose an optimal (or close to optimal) code D to encode Y.
3. Chose an optimal (or close to optimal) code F' for Z. Encode Z using F.

Of course this optimal method to encode a Markov chain works also in the general case,
when the alphabet contains more than two letters.

Definition 10.3 Let X1, Xo,... be a Markov chain of letters from an alphabet S. We
define the entropy rate of the Markov chain by

> H(X)w(s)
ses

where
S
X;

designates the i-th letter in X which is preceded by a s. Hence:

1 1
H(X? :——E P(X;11=7rX,=2s)] ——E o — .
(5 (X =71, = 5)log; (P(Xj+1 =7r|X; = 5)) Par 082 (Psr)

res res

We can also rewrite the entropy rate of a Markov chain in the following way:

S 7(s)per log, (pi) =2 mlsm)log, (pi )

sr sr
s,T s,T

where (s, r) designates the probability w(s)ps. of the string sr under the stationary dis-
tribution.

Let us give a theorem.

Theorem 10.1 Let X1, Xs,... be a Markov chain of letters from an alphabet S. Then,
the entropy rate of the Markov chain is equal to the limit:

. H(Xy, Xy, Xs,..., X))
lim

n—oo n

Let us look at yet another approach to compressing Markov texts. We could encode letters
or group of letters acting as if they where independent. For example we could find a block
code C for the above described Markov chain. How well would that code do? The length
of the encoded text is:

|C(a)| N+ |C(b)|N

where
e N is the number of a’s in the text X,

e N’ is the number of a’s in the text X,
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e |C(a)| designates the length of the code word for a.
e |C(b)| designates the length of the code word for b.

We saw that N is approximately equal to 7(a)n. Similarly, N? is approximately equal to
m(b)n. Thus, the space needed to store the text X if we use the block code C' to encode
it, is approximately:

|Cla)|m(a)n + [C(b)|m(b)n

or

|Cla)|m(a) + [C ()| (b)

per letter of the original alphabet. This is the same space needed as if the letters would
be independent and with probabilities m(a) and 7 (b).

Take now blocks of k-letters of the Markov chain at a time and encode them using a block
code for the k-th extension S*. Use the stationary distribution of those groups of letters
to find a good code.

For example if you consider the 3rd extension. The probability of an aba in the stationary
regime, is going to be equal to: the probability to have an a in the stationary regime,
times the probability to go from a to b, times the probability to go from b to a. Thus,
under stationary distribution the probability to have an aba is

7T(CL) * Pa—bPb—a-
We can apply Shannon’s theorem for a block coding of Markov chain and find:

Theorem 10.2 Let C' be a block code on the k-th extension for a Markov chain. Assume
that among such codes, C' minimizes the expected length of the encoded text. Then:

H(Xy, X, ..., Xk) < E[|C(X)]] < H(Xy, Xo, .., Xg) 1
+ —
k - n - k k
where the Markov chain X1, Xo, ... 1s taken in the stationary regime.
Assume that X, Xs,... is a Markov chain which is in its stationary regime. (If it

is not, when we let the Markov chain go for a while it gets very quickly very close to
the stationary regime anyhow. So the first letters which might not be in the stationary
regime can be discarded.) For the stationary regime we have that all the probabilities
P(X; =a),P(Xs = a),... are equal to each other and are equal to 7(a).

similarly in the stationary regime, all the probabilities P(X; = b), P(Xs = b), ... are equal
to each other and are equal to 7(b).

Why do on the long run the frequencies of a’s and b’s get close to the probabilities 7(a)
and 7(b) just like in the i.i.d. case? Simple divide the letters X, Xo, ... into 7 groups of
letter which are r apart from each other. For example for r = 10, the first group will be

X107 X207 st
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the second group will be:
X17 X117 X217 X31 cee

the third group will be
Xo, X12, Xog, Xz ...

By choosing r big enough, the letters in each group are very close to being independent
of each other. So, for each group, we are very close to getting a proportion of a’s, resp.b’s
equal to the probabilities m(a) and 7(b). If in each group the proportion of a’s and b’s is
very close to m(a) and 7(b), then the overall proportion of a’s and b’s in X is also very
close to m(a) and m(b). There exist also processes (i.e. sequences of random symbols)
which are stationary but not necessarily Markov. Let us give a definition.

Definition 10.4 Let X1, X5, ... be a sequence of random symbols from an alphabet S. We
say that the sequence X1, Xo, ... is stationary iff for all k € N and all finite sequences of
(non-random) symbols:

S1,82,...,Sk

we have that:
P(X1 :SI,XQISQ’...,Xk:5k> :P(Xt—i-l :Sl,XtJ,_Q:SQ’...’XtJ,_k :Sk)
for allt € N.

Note that a Markov Chain is in general not a stationary sequence of random symbols.
However, if we let a Markov chain run for a little while, it usually becomes close to
stationary. Also, when we start a Markov chain simulating an X; having the stationary
distribution, then we get a stationary sequence.

11 Data transmission

Let us first look at a simple case. Assume that we want to send Matzinger’s lecture notes
to some relatives in Russia through a transmission channel like the Internet for example.
Each bit sent costs a certain amount of money. Furthermore, during transmission, random
transmission errors can occur. We assume that for each bit transmitted there is an error
probability p < 1/2 and the errors are independent from one bit to the next. Let X; be
the i-th bit sent and let Y; denote the i-th bit received by the receiver. We assume that:

PY;=1|X;=1)=PY;=0/X;=0)=1—p,
P(Y;=0X;=1)=P(Y;=1|X;=0)=p

where p does not depend on 4. This model is called the Binary Symmetric Channel (BSC).
Let us first look at an example: Assume that we have a code D(.) which uses as code
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word for every letter of the alphabet its rand in the alphabet expressed in binary form so

that:
00001

00010
00011
00100
00101
00110
00111
01000
1001
1010
01011
01100
01101
01110
01111
10000
10001
10010
10011
10100
10101
10110
10111
11000
11001
= 11010
) = 11011
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Let us now look at what happens when we transmit a text which uses the above encoding.
Assume we want to transmit the message “math”. We find:

D(math) = D(m)D(a)D(t)D(h) = 01101000011010001000

Let us now add a few random errors: take for example p = 25%. After simulation our
message reads:
01111001001010101001

If we decode this we find:
D~1(01111001001010101001) = D~*(01111) D~*(00100)D~*(10101) D~*(01001) = odui

We see the message has been completely changed. Next we are going to try to transmit the
same bit several times and hope in this way be able to reconstruct the original message.
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Assume that our text consists of a four letter alphabet S = {m,a,t, h}. Let us use the
following code:
D(a) = 00, D(m) = 10, D(t) = 01, D(h) = 11.

Let the message be:
math.

Now we encode this message:
D(math) = 10000111

Instead of transmitting it directly we are going to transmit every bit five times. This will
cost more money, but in this way we increase the chances of being able to decode the
message correctly: So we send:

111110000000000000000000000011111111111111111.

Assume that the probability of an error p is 0.1. What it the probability that we can
reconstruct a bit which we sent five times correctly? We work in the following way: we
take groups of five bits and decide that it correspondent to the bit which appears most
often: for example if we receive:

11110

as one group of five bits we assume that the bit was a 1 and that the last bit out of the five
is an error. Hence we use a majority rule to try to determine what the original message
was. The probability that our majority rule fails in identifying what the bit was is thus:
if we take groups of five bits: the probability to have more than two errors. This is

1

(2) (0.1)%(0.9)> + (i) (0.)"(0.9)" + (0.1)° =~ ol

So we see that the probability of an error is small, about one in hundred bits only is
wrong. With this strategy how much information can we transmit? How much do we
have to pay to send one book.

Take the book, compress it maximally and the send each bit five times. Say the book
is 200 pages. Means about, 200 x 1000 characters. entropy of English: about 2.71. So,
encoded we get 200 x 1000 x 2.71 binary bits. We send each bit five times, so the total
number of bits we need is about 200 x 1000 x 2.71 x 5. The number of bits we use per

information send is:
200 x 1000 x 2.71 x 51

200 x 1000 x 2.71 5

Thus, per actual information bit sent with the above scheme it seems like we need to pay
for five transmission bits. Information sent per symbol sent in our scheme is about 1/5.
This is the information transmission rate R. The above method to decode a received
message uses the majority rule. We will see that this method is not very efficient. By
this we mean, that we could send much less symbols and yet have a more reliable way for

32



the receiver to figure out what the original message was. Also, it should be noted, that
on the long run the above described method produces a constant proportion of errors.
Hence, the receiver after trying to decode the received message, still is left with a (may
be small) but fix proportion of errors. We will see that we can improve this as long as the
transmission rate R is not too large.

12 Conditional entropy
Assume that 7, Z,, ... is an i.i.d. sequence of two-dimensional random symbols
Zl - (Xl, }/2), Z2 == (XQ, Yé), AP

Let
X =(X1,...,Xp)

and let
Y =(Y,...,Y,).

Imagine the following data compression problem:

we have stored the text X. Now, we want to store Y. What is the maximum compression
we can reach for Y without information-loss? Since X is already stored, we can use X
to code and decode Y. In this way, we can store Y on less space than if we had to store
it alone. We only need to store the information contained in Y which is not already
contained in X. Let us illustrate how this is done:

Assume that the joint probabilities are given by:

P(X;=aYi=a) P(X;=bYi=a) P(X;=cY =a) 0 1/8 1/8
P(X;=a,Yi=0b) P(X;=0Y =b) P(X;=¢Yi=0b) | =| 1/8 1/4 0
P(X;=a,Yi=c) P(X;=bYi=c) P(X;i=cY,=c) 1/8 1/8 1/8

Recall that the conditional probability of the event A given the event B is denoted by
P(A|B) and is equal to
P(ANB)

P(B)

Thus conditional on X; = a, we have that Y; has the following probabilities:

P(A[B) =

P(Y; = b,X; = a) 1/8 1

P }/;_bXZ: - — = —
(¥: =b}X; = a) P(X; = a) 1/8+1/8 2
PYi=c¢X,=a) 1/8 1

P }/7:: XZ_ = — e
(¥; =X = a) P(X; = a) 1/8+1/8 2



A variable, which is equal to a with zero probability, and equal to b or ¢ with 50%
probability each can be optimally compressed by using a block code D:

D(b) =0, D(c) = 1.

If we know that X; = b then we find:

_ o PYi=c¢X;=a) 1/8 _ !
Pl =alXe =t == o ~IsTi/sri/d 1
o PYi=bX,=b) 1/4 _!
P =bXi=0) == “ 1818+ 2
Pi=elXi=t) = —p — 5 “Teti/stiid 1

A random letter which is equal to a with prob. 1/4, equal to b with prob. 1/2 and equal
to ¢ with prob. 1/4 can be compressed maximally by a code F:

F(a) =00, F(b) =1, F(c) = 01.
Eventually we have that when X; = ¢ then
1
2
P(Y;=bX;,=¢)=0
1

A random letter which is equal to a with prob 0.5, to b with prob. 0 and equal to ¢ with
prob. 0.5 can be maximally compressed by a block code G:

G(a) =1,G(c) = 0.

Every time X; = a, we use code D to encode Y;. When X; = b, we use code I’ and when
X,; = c we use code GG. Let us give an example:

(Zla Z2> Z3> Z4) = ((a7 b)v (a’ C)’ (C, C)’ (b> a))
where we took n = 4. In this case
X =(a,a,¢,b)

and
Y =(b,c,c,a).

and hence Y; = b, Yo =¢, Y3 =b and Y, = a. Since X; = a, we use code D to encode Y;
and find D(Y;) = D(b) = 0.
We have X5 = a, and thus we use again code D to encode Ys. We find D(Y3) = D(c¢) = 1.
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Furthermore, X3 = ¢. Hence we use code G to encode Y;. We find G(Y;) = G(c¢) = 0.
Eventually, X; = b. This implies that we use code F' to encode Y;. We find F(Y}) =
F(a) = 00. Thus the message Y = bcba when encoded gives:

D(b)D(c)G(c)F(a) = 01000.

When all the codes used are instantaneous, it is easy to see that one can decode the
encoded Y correctly y provided we are given X.

How much space do we need to store the text Y if we can use X for encoding and decoding
purposes? To answer this question let us define:

-Let N®, resp N?, resp N¢ be the number of a’s, b’s and ¢’s appearing in the text X =
Xi... X,

- Let Y} be the j-th Y; for which X; = a. Let Y* be the text: Y =Y ... Y{..

- Let ij be the j-th Y; for which X; = b. Let Y be the text: Y? := Ylb .. .Y](’,b.

- Let Y be the j-th Y; for which X; = c. Let Y° be the text: Y := Yy ... Yg..

It is easy to check that the three texts Y%, Y and Y are all independent of each other.
They are also all independent of X. It is easy to see that if we are given Y¢, Y? Y and
X we can reconstruct Y. Thus, the minimum amount of space needed to store Y with
the help of X, is equal to the minimum amount of space needed to store Y%, Y and Y*.
Since the three random texts are independent of each other, the total amount of space to
store (Y, Y? Y®) is the sum of the amount of space needed for each Y, Y* and Y*.

It is easy to check that the Y,*’s are independent of each other. So the space needed
to store Y* is equal to H(Y}") times the number of variables Y;* in Y*. There are N®
variables Y;* in Y*. By law of large number N¢ is approximately equal to

Hence the space needed to store Y is roughly equal to
H(Y*)P(X; = a)n.
In a similar fashion, the space needed for Y is about
H(Y")P(X, =b)n,
whilst the space for Y¢ is about
H(Y°)P(X; = c)n.
Thus the space needed to store (Y, Y? Y*) is
n - (HY*)P(X;=a)+HY")P(X;=b)+ HY)P(X1 =¢)). (12.1)

This is approximately the minimum amount of space needed to store Y, if we can use X
for the encoding and decoding. If we can use X for coding and decoding, what we store
is only the portion of the information contained in Y which is not contained in X. Hence
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expression 12.1 is a measure of the amount of information which is left in Y after we have
taken out all the information which is also contained in X. If we divide expression 12.1
by the number of letters n in Y, we get the information which is contained in Y but not
in X, per symbol of Y. This is then called the conditional entropy of Y given X.

For a letter s in the alphabet S, we also denote H(Y};®) by H(Y;|X; = s). This means
the entropy of Y; when we take Y; to have a conditional probability law obtained by
conditioning on X; = s.

Definition 12.1 We define the conditional entropy of Y; given X; to be equal to:

H(Yi|X;) = ZH(Y,-|X,- = s)P(X; = s).

seS

13 Mutual information

How much information does X contain about Y7

We saw that the information which is contained in Y but not in X is equal to H(Y|X).
So the rest of the information in Y must be contained also in X. The total amount of
information contained in Y is equal to the entropy H(Y). Hence the information which
is contained in X about Y is equal to H(Y) — H(Y|X). This information is called the
mutual information of X and Y. It is a measure of the amount of information shared by
X and Y.

Definition 13.1 We define the mutual information 1(X;Y) of X andY to be equal to:
[(X;Y) = H(Y) — HY|X).

It is an interesting fact that the information which X contains about Y is equal to the
amount of information which Y contains about X.

Lemma 13.1 We have that
I(X;Y)=1(Y; X).

Proof. we have that
I(X;Y)=H(Y)-HY|X) =

]
Proof. =

14 Transmission channels

The model we consider goes as follows. We assume that we are able to transmit symbols
from an alphabet S through a transmission channel. Let X; denote the i-th symbol
sent and let Y; denotes the i-th symbol received by the receiver. For each symbol sent
there is a positive probability of an error. Hence P(Y; = X;) < 1. We assume however
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that for a given transmission channel the error probabilities remain fix during the whole
transmission process. We also assume that the transmission errors are independent from
one letter sent to the next. A transmission channel is defined by specifying for each pair
r,s € S the probability that the receiver receives an s if we send an r. Thus We will
denote this probability by p,.s. This is the conditional probability that Y; = s given that
Xi =T Prs = P(Y; = S‘XZ = T).

Let us give an example when we have a tree-symbol alphabet S = {a, b, c}:

Paa  Pab  Pac 0.8 0.1 0.1
Doa Pob Doe | = 0.1 0.7 0.2
Peca  Pcb Pee 0.1 0.1 0.8

If we send an a in this example, the probability that the receiver receives an a is 80%.
On the other hand, the receiver will receive a b with 10% probability if we send an a. If
we send a b the receiver gets a b with 70% probability, an a with 10% probability and a
¢ with 20% probability.

15 Shannon’s second theorem for the binary sym-
metric channel
The general setting is the following:

o Let M = MM, ... My designate a message consisting of k symbols from an alphabet
S. We assume that M is generated by a random process.

e Let D designate a code which we use to encode the message M to make it fit for
transmission. Thus

X :=D(M)
designates the binary string which we send through our transmission channel.

e Let n designate the number of symbols we send over the transmission channel.
Hence, n is the length of the binary string X:

n:=|X| = |D(M)].
X can be written as a string of n zero’s and one’s’:
X=X1X5...X,
where X is the i-th bit sent over the transmission channel.

e Let Y =Y;...Y, designate the received binary string by the receiver after trans-
mission. Thus Y; is the ¢-th bit received.
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Let p designate the probability that a given bit is not transmitted correctly. Thus

p=PY:#X,).

We assume that the transmission errors are independent of each other. Let A; be
the event that the i-th bit is transmitted correctly, that is:

We assume that the A;’s are independent of each other for different ¢’s.

Since we consider the symmetric channel, we assume that the probability of an error
does not dependent on what the bit which we send is equal to:

P(A4;|X; =0) = P(4]Xi=1) = P(4;) =1—p.

Let F' designate the code which we use to try to “decode” the received message Y.
Thus we apply F to Y in order to try to retrieve M.

Definition 15.1 We define the rate at which we transmit information to be the amount
of information sent over the number of symbols sent. Thus:

R H(M) H(M
n | D(M)|’
where M is the message we try to transmit and n = |X| = |[D(M)| is the number of

symbols transmitted.

Definition 15.2 For a given channel, the channel capacity C is defined to be
C :=max[(X;;Y;),

where the maximum is taken over all possible probability laws for X;.

We are now ready for Shannon’s second theorem:

Theorem 15.1 Assume we are trying to transmit information with a given channel with
capacity C > 0. Let R > 0 be a fix number. Then,

o [f R < C, the it is possible to send messages through that channel at rate R in
a reliable way. This means that it is possible to send messages at rate R through
the channel so that the receiver can with high probability correct the transmission
errors. (with high probability, we mean probability as close to 100% for messages
long enough.)

o [f R > C it is not possible to send information in a reliable way through that channel
at rate R.
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To prove that it is not possible to send information through a channel at rate R > C in a
reliable way, we need the following lemma:

Lemma 15.1 Let X = X1 X,... X, and Y = Y1Y5...Y,, be two random texts consisting
of n symbols from an alphabet S. Let § = s183...5, € S™ designate a (non-random)
string of symbols of S. Assume that for every § € S™ we have:

conditional on X = S, the Y;’s are independent of each other and depend only on their
corresponding X;. That is:

LY|X=35)= ®£ Yi|X; = s;) (15.1)
Then, we have that
I(XGY) < I(X Y1) + .+ I(X Vi),
Proof. By definition of mutual information, we have that
I(X;Y)=H(Y)-H(Y|X) (15.2)

Now, we learned that the entropy of a text is smaller equal to the sum of the entropy of
the letters. (See lemma 9.1.) Hence

HY)=HMWY;...Y,) <HY)+ ...+ H(Y,) (15.3)
Furthermore, we find that

H(Y|X)=Y H(Y|X =3P(X =3). (15.4)

sesn

However conditional on X = s, the letters of the text Y become independent of each other.
The entropy for a text with independent letters is equal to the sum of the entropies of
the letters. Hence:

HYX=8=HWMX=5+HY,)X=8)+...+ HY,|X =3).
Conditional on X = §, we have that Y; depends only on the corresponding X;. Hence,
H(Y;|X =5) = H(Y}| X; = s;)
where s; designate the i-th coordinate of the string 5. Hence
HY|X =35) =) HY|X;=s)
i=1
Plugging the last expression into 15.4, we find:
H(Y|X) = ZZH YiiX;=s)P(X =8) =Y Y > HYi|X;=s)P(X;=>s).
sesn i=1 seS i=1 seS
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Using the last equality together with 15.3 in 15.2, we find that

I(X;Y) < (H(Y1)+---+H(Yn))—ZH:ZH(Y;\Xi:Si)P(XiIS) =

i=1 seS

(H(Yl) =Y HY1|X; = 5,)P(X; = s)> +.F <H(Yn) — Y H(Y,|X, = s)P(X, = s)) =

seS seS

I(X;Y)+...+1(X,;)Y,)

Let us next show why we can only transmit information at a rate R which is below channel
capacity C. Assume that we could transmit the random message M in such a way that the
receiver could decode it correctly with hundred percent probability. Then, the information
of M would be contained in X as well as in Y. Hence, the mutual information between
X and Y would be at least the information contained in M. The information contained
in M is H(M). Thus, we would have

H(M) < I(X:Y). (15.5)

However, we can not be 100% sure that the reciever can decode the received message
correctly. Instead we only are close to 100% for long messages. Thus, instead of the
inequality 15.5, we have instead:

(1 — (e(k))H(M) < I(X;Y) (15.6)

where €(k) — 0 as k — oo. (Here k denotes the length of the message M.) By lemma
15.1, we find that

I(XGY) <I(X; V) + 1( X o) 4+ ...+ I(X,; Yy). (15.7)
By definition of channel capacity we have that I(X;;Y;) < C. Applying this to 15.7 gives
I(X;Y)<n-C (15.8)

Using inequality 15.8 in 15.6, we find
H(M)

n

(1 —e(k))

Now, H(M)/n is equal to the rate R. Letting k go to infinity we have that (1 —e(k)) — 1
and hence we obtain:

<C (15.9)

R <C.
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16 Random coding

In this section we prove that for R < C it is possible to transmit information at rate R
in a reliable way. To prove this we use random coding. Let D designate the code used to
encode the original message before transmission. In random coding the code words of D
are chosen at random by flipping a fair coin. For different messages one sends one keeps
however using the same list of code words. Decoding is done by comparing a received word
with the list of code words. The receiver guesses that the word in the code word list which
is closest to the received word is the word which has actually been sent. To compare how
close words are from one another we use the Hamming distance. The Hamming distance
for two words v and w of the same length is equal to the number of differences between
v and w. For example if
v = 0010, w = 1011

then d(v,w) = 2 because the first and the last bit are different. In random coding the
code D used to prepare the message for transmission encodes strings of [ symbols at a
time. Hence, D is a block code for S'. To have the random coding work well with high
probability, we need to take [ large.

We can always assume that the message M we want to transmit is an i.i.d. binary message
with entropy 1 per letter. This is so because any ergodic message, when it is compressed
maximally and put in binary form becomes a random text of that type. We thus assume
throughout this section that the symbols of the message M: M, Ms, ... are i.i.d. such
that

P(M; =a) = P(M; =0) =0.5.

Let us define random coding at rate R.

Algorithm 16.1 e The D code used to encode the message M before transmission is
a block code on S'.

e For each string of | letters §S' chose a code word D(3) at random by throwing an
unbiased coin [/ R times.

e To decode the received message, chose the code word of D(S') which is closest to the
received word.

We want to prove that random coding works with high probability when the rate R is
strictly below the capacity of the channel. Let wy,ws, ..., wy denote the code words
defining our code D. Hence w; is the code word for the string aaa...a of length [ and
consisting only of a’s. Hence ws is the code word for the sting aaa . ..ab of length [. We
assume without loss of generality that the code word sent is the first one, that is wjy.
(This assumption is made to facilitate notation.) Let v; denote the binary word received
by the receiver. Hence v; is obtained from w; by adding approximately a percentage |p|
of errors. Hence, (by law of large numbers), we have that



holds with high probability when [ is large enough. For a code word, which is not sent,
we have another situation. Take for example the code word w,. In this case w, and v;
are independent and we have that with high probability

holds when [ is large enough.(Law of large numbers.) Hence, the received word v; tends
to be closer to the code word which was sent then to another code word. This is what
we want to use to recognize as a receiver which code word was sent. However since there
exists many code words (total number of 2!) some of them could by chance still be close
to v; and thus induce the receiver in error. We need to prove that with high probability,
all the code words which were not sent are different enough from the received word v;.
This insures then that the receiver can decode the received word correctly with high
probability. To prove that when the rate is strictly below the capacity, decoding works
with high prob., we need a few definitions:

Let € > 0 be a very small but fix quantity. We define the event B¢ to be the event that
the following inequality holds:

d _
‘ (w1, v1) p‘ <e
|wi]
For all i € 2,...,2! let A¢ denote the event that:
d(w;,v1) —p > ¢
|wi |

holds. The event AS guaranties that the code word w; is far enough from the received
code word vy.
Let A° denote the event that all the events A§ hold simultaneously:

Let B; denote the event that
d(w;, vy)
v
Obviously when B¢ and A€ both hold then the decoding works. By law of large number
B¢ holds with high probability. So we just need to prove that when the rate R is strictly
below the capacity of the transmission channel, then A€ also holds with high probability.
In other words we need to prove that the probability that A¢ does not hold is small. Now:

= p.

2l 2!

P((A)) =P (DAE)C =P [ JA)" | <D P((A)) = 2" = 1)P((A5)°).

=2 1=2
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For small €, we have that P((Af)) is very close to P(Bsy). Hence, we have to prove the

the following expression
(2! —1)P(By) (16.1)

is small. Let k£ denote the length of the word |w;|. Hence,
P(By) = P(d(wy,v1) = kp) = P( BIN(k,0.5) =k -p).

Here, BIN(k,0.5) denotes a binomial variable with parameter k£ and 0.5. Hence BIN (k,0.5)
is the variable which is obtained by taking the sum of five coin-tosses with unbiased coins.
Now, P(BIN(k,0.5) =k - p) is equal to

R W 0.5
(1%19)0'5 _<kp)pp S pPr(1 — p)a=rk’

(k’; ) (L — p)io (16.2)

is equal to the probability that a binomial variable with parameters k and p is equal to
kp. Hence, expression 16.2 is smaller than 1. We thus find that the expression on the
right side of 16.1 is smaller than

l 0.5
P = )

However,

— 2l~const

where the constant const is equal to:

1 —plogy(1/p) — (1 —p)logy(1/(L—p)| _, 1-H(p)
R R

(Here H(p) denotes the entropy of a coin with side 1 having probability p.)

In the next section we prove that the capacity of a binary symmetric channel with error
probability is equal to 1 — H(p). Since the rate R is supposed to be strictly smaller than
the channel capacity we get:

const =1 —

R<1-H(p)
from which it follows:
L < L HD)
R
and finally
1—H(p)
l———=<0.
R
This implies that the constant const is strictly negative:
comst — 1 | L= Plog(1/p) — (1R— p)logy(t/(L=p)] _{ 1 —;f(p) <0

Hence, because the constant const is negative we find that 2! is exponentially small
in [ and thus for [ only “medium” large is already extremely small. Hence the probability
that the decoding does not work correctly is extremely small.
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17 Channel capacity

Let us calculate here the channel capacity for a binary channel with error-probability
equal to p.
By definition the channel capacity is equal to

max [ (X1; Y1)

where the maximum is taken over all possible probability laws for X;. (This means aver
all possible values @ and b such that a + b = 1, a,b > 0 and P(X; = 0) = a and
P(X; =1)=10.) Now, we have:

[(X;Y)) = H(Y;) — HY1 X)) =
=H(Y;) - (HMW|X;: =0)- P(X; =0)+ HY1[X; =1)- P(X; =1)).

Note, that the entropies of Y; conditional on X; = 0 is equal to the entropies of Y;
conditional on X; = 1 and is equal to:

1 1
HMY1[Xy =0) = H(Y1|X; =1) = plog, (5) + (1 —p)log, (m) = H(p).
This implies that

[(Xy;Y1) = H(Y1) = (H(p)P(X1 = 0) + H(p) P(X1 = 1))
HYy) = H(p) (P(X1=0)+P(Xy=1))=HY) - H(p

Sl

Note that H(p) does not depend on P(X; = 0) = a and P(X; = 1) = b. So, in
our maximizing problem, H(p) is to be treated like a constant. Hence, for the binary
symmetric channel we find that the channel capacity is equal to

(max H (Y1) — H(p) (17.1)

where the maximum is taken over all possible probability laws for X;. Let us find the
maximum max H(Y;). Let ¢ = P(Y; = 1). Then,

H(Y:) = H(g) = qlog, G) (1 - g)log, (1—;) |

Taking the derivative, we find

dH(q) _ q
dg log2<1—q '

Putting the derivative equal to zero gives



which implies that ¢ = 0.5. Hence, H(q) takes it maximum value for ¢ = 0.5. When we
take for the probabilities of X the following: P(X; =0) = P(X; = 1) = 0.5 we find by
law of total probability that

P(Y; =0) = P(Y; = 0/X; = 0)0.5+ P(Y; = 0|X; = 1)0.5 = (1 — p)0.5 + p0.5 = 0.5.

Hence for the choice P(X; = 0) = P(X; = 1) = 0.5, we obtain ¢ = 0.5 and thus H(Y})
finds itself maximized. For ¢ = 0.5, we get

H(0.5) = 0.51log,(2) + 0.51log,(2) = 1.
Hence
max H (Y})

is equal to 1. With 17.1 we find that for a binary symmetric channel the capacity is given
by
1—H(p).

18 Differential entropy

Definition 18.1 Let X be a continuous random variable with probability-density function
f(.). Then we define the differential entropy h(X) of X to be equal to:

hX) := /f(s) log, (ﬁ) ds.
(For f(s) =0, we define f(s)logy(1/f(s)) to be equal to zero.)

Lemma 18.1 Let X be a continuous random variable with probability-density function
f(.). Assume that f(.) is continuous. Let Y™ be a discrete approximation of X, so that:

when X € [i/n, (i +1)/n], then Y" = i/n.

Then,
lim (H(Y™) —logy(n)) = h(X).

n—oo

In other words, if X is a continuous random variable, then for large n, H(Y™) is approx-
imately equal to:
H(Y™) := h(X) + logy(n).

Recall that when X and Y are two jointly continuous random variables, then the condi-
tional density of Y conditional on X = s is given by:

f(s,9)
fx(s)
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where fx(s) denotes the probability-density of X at the point s. The density of X can
be calculated from the joint density f(z,y) in the following manner:

fx(s) = / F(s,9)dy.

Definition 18.2 Let X and Y be to continuous random variables having joint density
equal to f(x,y). Then we define the conditional differential entropy h(Y|X = s) of YV
given X = s to be equal to the differential entropy of a random variable which has density
equal to the conditional density of Y given X = s. Hence:

o [, (fx)
hY|X =s): e (s) log, (f(s,y)) d

The conditional differential entropy of Y given X is defined:

hY|X) = /h(Y|X = s)fx(s)ds.

Compare the last formula with the definition of conditional entropy.

Lemma 18.2 Let X andY be two continuous random variables with a joint density func-
tion f(x,y). Let (X™,Y™) be the discrete approxzimation of (X,Y) obtained by partioning
R into intervals of length 1/n. (By this we mean that whenever:

(X,Y) € [i/n, (i + 1)/n[x[j/n,j/(n+1)]
then (X™,Y™) = (i/n,j/n).) With this notations we have:
lim I(X™,Y"™) = h(Y) — h(Y|X).

n—oo

Definition 18.3 Let X and Y be two random variables having joint density f(x,y). We
define the mutual information I(X,Y) to be equal to I(X,Y) :=h(Y) — h(Y|X).

We next are explaining what the model-assumptions for a Gaussian channel is. We have
the following notations and assumptions.

1. Let X; designate the i-th signal sent.
2. Let Y; designate the i-th signal received.

3. Let ¢; designate the error occurring during the transmission of the ¢-th signal. Hence,
Y;' = XZ + €.

4. We assume that €7, €o, ... is an i.i.d. sequence of normal variables.
5. We assume that the mean of the errors is zero on the long run:
Ele] =0
for all i € N and VAR[e] = o is given.
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Lemma 18.3 Let X be a normal random variable with variance o%. Then
h(X) = 0.5log,(2mec?).

In the continuous case, a transmission channel consists in giving for all possible value
s € R, the conditional probability of Y; given that X; = s.

In many cases, when we deal with continuous transmission channels there is a power
constrain. Typically, we have a requirement that

VAR[X)] < P

where P > 0 is a given number. The next theorem is Shannon’s second theorem for
continuous channels.

Theorem 18.1 Let P > 0 be a number. Assume that we are given a continuous trans-
mission channel over which we are allowed to transmit below power P. (This means that
we are required to transmit in such a way that VAR[X;] < P for all i € N.) Then the
maximum amount of information we can send over this channel per symbol sent in a
reliable way is given by

max [ (X;; ;)

where the mazimum is taken over all probability distributions for X; such that VAR[X;] <
P. (Transmission in a reliable way means as usual that the receiver can decode the message
correctly and find the original message with probability close to one.)

Lemma 18.4 Let X be a random variable such that VAR[X] < P, where P > 0 is a given
number. Then, X has maximum differential entropy under the above power constrain iff
X is normal with variance P.

Theorem 18.2 Assume that we transmit over a Gaussian channel with the varaince of
the transmission errors given: VARe;] = o > 0 given. Then the maximum amount of
information per signal sent which we can transmit in a reliable way is given by:

1 P
3 logz(l—l—;).

Proof. The channel capacity for a continous channel under our power constrain is given
by
max [ (X;; ;)

where we take the maximum over all probability laws for X; satisfying VAR[X;] < P.
Now in the continous case:

(X0 Yi) = (YD) = h(YIX) = h(¥) = [ hVIX; = 5)fx(s)ds.

Recall that in the Gaussian channel model
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Conditional on X; = s, X; becomes a contant. Hence
hYi| X =5s)=hMXi+6|Xi=5)=h(s+€&|X; = 9)
Since adding a constant does not change the differential entropy, we have that
h(s + €] X; = s) = h(e|X; = s).
Since, X; and € are independent we get that
h(e;| X; = s) = h(e;) = 0.5log,(2mec?)

where in the end we used the formula for the differential entropy of a normal random

variable. Thus:
I1(X;,Y:) = h(Y;) — 0.5log,(2mec?).

Now the maximum value we get for

according to lemma 18.4 is when X; is normal with variance P. In that case Y; is normal
with variance P + 2. In that case we have a maximum differential entropy h(Y;) equal

to
0.5 log, (2me(P + o?)).

Hence

max [(X;;Y;) = (maxh(Y;) ) — 0.5log,(2mec?) =
=0.5log, (2me(P + 0%)) — 0.5log,(2mec?) = 0.5 log,(2me(1 + P/a?)).
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