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Abstract

Let X1, Xo,... and Y7, Y5, ... be two independent sequences of iid Bernoulli random
variables with parameter 1/2. Let LCT, be the length of the longest increasing
sequence which is a subsequence of both finite sequences X1,..., X, and Y7,...,Y,.
We prove that, as n goes to infinity, n~"/?(LCI, — n/2) converges in law. We
give an explicit representation of the limit law in terms of the maximum of two
Brownian motions. As a warm up, we treat the one sequence case and find (when
properly centered and normalized) the limiting law of LI, the length of the longest
increasing subsequence of the finite sequence X1, ..., X,.

1 Introduction: The One Sequence Case

Longest increasing subsequence problems have enjoyed a lot of popularity in recent years
stemming mainly from the work of Baik, Deift and Johansson ([1]) who obtained the
limiting law for the case of random permutations while Borodin ([3]) obtained it for
colored random permutations. Further limiting distributions were obtained for finite
alphabets random words by Its, Tracy and Widom ([8], [4], [5]) as well as Johansson ([6]).
Related results were also obtained by Baryshnikov ([2]).

We obtain below the limiting distribution for the hybrid problem of the longest common
and increasing subsequence of two random binary sequences. We start by presenting the
one sequence case, where the results are known and obtained in the works just cited. It
is nevertheless our belief that our approach is worthwhile because of its simplicity and
because it will naturally lead and extend to two sequences, a case which at the present
has not been obtained by other methods.

*All the authors would like to thank F. Gotze, and the financial support of SFB 701 A3, at the
University of Bielefeld, for supporting this research.
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1.1 Combinatorics

Let X := (X1, Xs,...) € {0,1}" be an infinite binary sequence. Let LI, be the length of
the longest increasing subsequence of X1, X5, ..., X,,, i.e. LI, is the maximal £ < n such
that there exists an increasing sequence of natural numbers 1 < i1 < iy < ... <1 < n
such that X;, < X;, < ... < Xj,. Let by be the number of ones in the finite sequence
X1, X5, ..., X}, in other words,

k
bo =0, bp:=) X
=1

Let a; be the number of zeros in the sequence X1, X, ..., X,. Thus, ap = k — b;.

For every 0 < k < n, an increasing subsequence of X;, X, ..., X,, can be constructed by
taking all the zeros up to (including) X}, and then by taking all the ones between (and
excluding) X} and X,,. The number of zeros up to time k is equal to a;. The number of
ones from X to X, is equal to b, — by. The maximum over k£ = 0,...,n of the length of
all subsequence obtained in this way is LI,. In other words,

.....

—1 if X; =1,

Now let

ie, let Z;, =1 —2X,. It is then clear that ay — b, = k — 20, = Zle Z;, and so setting
So=0,5 = Zle Zi, k> 1, gives

n S,
1.2 Limiting Distribution
If the X;s are iid Bernoulli random variables with parameter 1/2, then Z;, Zs, .. . are also

iid random variables with P(Z; = 1) = P(Z; = —1) = 1/2. Hence, very classically and
invoking the reflection principle, we get

n 1
— +E|S,| - =
B, - 5

and thus lim, .., ELI,/n = 1/2. In fact, since as well known, lim, . E|S,|/v/n =

\/2/m, we have:

ELI, = 1-P(S,=0)),

ELI, = g + \/? +o(v/n). (1.2)
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Still invoking the reflection principle, for any ¢ > 0:

400 “+00 +00

ES? 3n? —2n
Z1P <k£%axn Sk = ng) < 21 gt Zl izt < +oo.
n= n= n=

Combining this last fact with Borel’s strong law imply that, with probability one, lim,,
LI,/n=1/2.
Again, the reflection principle implies that

E(mwwifzﬁbﬁ—EWA+%(L—P@g:0»

and so as n — oo, and with the help of (1.2) we obtain that
_3n 2n

E@h—EuQ%:Z——wmm) (1.3)
T
Next, and still very classically, it is well known that by rescaling the simple symmetric
random walk S := (Sk)k>0 one approximately obtains a standard Brownian motion B,

ie, B = (B())oq is a continuous version of Brownian motion with B(0) = 0, and
VarB(t) =t. For, k=0,...,n, and t = k/n let

while for ¢ € (k/n,(k+1)/n), k=1,...,n—1, B,(t) is defined by linear interpolation.
Thus, B,, approximates B by using Zi, ..., Z,. The equality (1.1) now yields

_n +vn <—M + max Bn(t)> , (1.4)

since B, (t) is linear between the points k/n and since then the above maximum can as well
be taken over all ¢ € [0,1]. Now, since the process B,, converges to a standard Brownian

motion, for large n, LI, is “approximately equal to” § ++/n (—@ + maxye(o1] B(t)). A

more precise formulation of this fact is given by:

Proposition 1.1 Let X1, Xs,..., X, ..., be ©id Bernoulli random variables with param-
eter 1/2, then

M — —@ + max B(t), (1.5)

Vvn 2 t€[0,1]

where "=" stands for convergence in law.



Proof. By (1.4),

Ll,—n/2  B,(1) .
= — B, (t). 1.
NG o T max (1) (1.6)

By Donsker’s theorem, B, = B in the space C 0, 1] endowed with the supremum norm.

Since
z(1)
2

9:C[0,1] = R, g(x) = sup z(t) — ——,

te[0,1]

is a continuous function, by the continuous mapping theorem,

o2 8, = o) = -2+ e 50

1.3 Density of the Limiting Distribution

Although, we could obtain this density via a well known theorem of Pitman (see [7]),
below, we derive it "by hand” both for the sake of simplicity and completeness and also
since it was done in this way before we became aware of Pitman’s result.

Proposition 1.2 Let B be a standard Brownian motion, and let

- B(1)
W= trél[(z)% B(t) — —

Then W is a positive random variable with density

B 16w?
N V2T

Proof. Clearly, W > max(—B(1)/2,B(1)/2) > 0. Let Z := maxc[o,1) B(t) and let

—2w?

e ,  w > 0.

fw(w)

F(z,b):=P(Z > 2 B(1) <b).

Let ® denote the survival function of the standard normal random variable:

= < 1 2
@(S) = / ﬁe_x /2dll§'

Let z > 0 and b < z. By the reflection principle,
P(Z>2zB(1)<b)=P(Z>2zB(l)>z4+(z=0)=P(B(1)>z+(2-0)).

Since B(1) is standard normal, the right hand side of the last equation is equal to ®(2z—b),
and so

F(z,b) = ®(2z — b).



The joint density of Z and B(1), denoted by f, can now be computed

0*F
/= 020b°
Since oF . 5 2
—o = —28/(22 — b) = ﬁe—@z—b) /2
and
06_(28;6_17)2/ (22 — b)e” (22— b)/7
we have

42—2b 2
z,b) = e~ 21 v Trpenn.
f(z,0) N {=>0p (p<zy

Let W := Z — B(1)/2. The density of W can now be computed via the transformation
(2,b0) — (2,2 — b/2). The density of (Z,Z — B(1)/2), denoted by g(z,w), is

Sw

’LU2
g(z,w) = Wor Tow>2>0}-

Integrating over z gives the density of W:

The results of this section show that

LI, —ELI, N
vVarlLl, ’

where L has density given by

\/m8<\/3ﬁ7_ ) VWD s - —

2 The Two Sequence Case

2.1 Combinatorics

Let X1, X,,... and Y7,Y5,... be two binary sequences, and let

X" = (X1a~~~>Xn)a Y" = ()/1>aYn)



Denote by LCT, the length of the longest common increasing subsequence which is con-
tained in both X™ and Y. In other words, LC'I, is the maximum over ks that satisfy the
following condition: Thereexist 1 <111 <9 < ... < <nandl1<j; <jo<... < <n
such that

X, <X, <...<X,
and X; =Y foralls=1,... k.
Let Nj (resp. N3) be the number of zeros in X™ (resp. in Y™).

Let T} denote the location of the k™ zero in the sequence (X1, Xo,...), i.e. T} is defined
recursively by the equations

Y, <Y, <... <Y,

k? Jk

Ty =0, T} =min{t: X, =0}, T, =min{t>T): X, =0}

In a similar way define T7? to be the location of the k' zero in the sequence (Y1, Ys,...).
Let
g':{0,...,N;} = N (resp.g* : {0,..., No} — N)

be the maximum number of ones contained in any increasing subsequence of X" (resp. of
Y"™) which contains exactly k zeros. Hence,

g' (k)= Xi, k=0,....N, ¢k)=> Y, k=0,...,N,,

i>T} i>T?

and, in particular, ¢°(0) = n — N;. Let D; € N x N (resp. Dy € N x N) denote the
surface under the curve g* (resp. ¢?). Thus, (z,y) € D; if and only if z = 0,..., N; and
y < gi(x),i=1,2.
Note that for i = 1,2, we have that D;, N;, ¢* depend on n. However, in order not to
overburden the notation, n is ommited.
Let us next show how LC'I, can be written as the solution of an optimization problem
involving ¢g' and g%

Lemma 2.1

LCI,= ma x+ 2.1
(@y)DrDy Y (2.1)
LCI, = k:of].[.l?@fwg [gig(g (k) + k)} ) (2.2)

Proof. Let us start by proving (2.1). Assume that we have found an increasing sub-
sequence with exactly x zeros and y ones. Then the total length of this subsequence
is x 4+ y. This increasing sequence is a subsequence of both X™ and Y™" if and only if
(x,y) € D1 N Dsy. Indeed, there are no more than Ny zeros in X™. Thus if the increasing
sequence with x zeros and y ones is a subsequence of X", then x < N;. Furthermore, the
maximum number of ones in an increasing subsequence of X" with x zeros in it, is the
total number of ones between the z-th zero and n. This, by definition, is equal to g;(x).
Thus, if the increasing sequence with = zeros and y ones is a subsequence of X™, then
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y < ¢1(x) and so (z,y) € D;. Similarly, if the increasing sequence with z zeros and y
ones is a subsequence of Y then (z,y) € Dy. This implies that if an increasing sequence
with z zeros and y ones is a subsequence of X™ and Y™, then (z,y) € Dy N Ds.

On the other hand, if (z,y) € Dy N Do, then it is possible to find a common subsequence
of X™ and Y™ with x zeroes and y ones. Hence (2.1) follows.

Let us now prove (2.2). To do so, let d(D; N Dy) denote the boundary of the set Dy N Ds,
le.

d(Dy N Dy) = {(m,m%%g’(x)) GNXNZLU:O,...,Nl/\NQ]}.

1=

The maximum of the function (z,y) — x + y on the set D; N Dy can only be attained on
the boundary of D; N Dy. Hence

LClI,= max x+y= max (x + min gl(x)) :
(z,y)€d(D1ND2) z=0,...,N1AN2 i=1,2

Let 1 < k < N;. Between & — 1 and k, the function g¢° decreases by the number of
ones located between T}, and T}. This number is equal to

Zb=T, T, ,—1, k=1,...,N,.
Thus, for + = 1, 2, it follows that
g'(k)—g'(k—1)=~-Z,, k=1,...,N,. (2.3)

Moreover, recall that ¢*(0) = n — N;, and thus for any k > 1,

k
g'(k)y=n-N; =Y Z, (2.4)
j=1
i=1,2.

2.2 Limiting Distribution

Assume now that the sequences X1, Xs,... and Y7, Y5, ... are independent of each other.
Let also the Xs as well as the Yjs be iid Bernoulli variables with parameter 1/2. In this
case, T}, Ts, ..., T}, ... are Pascal (negative binomial) random variables with respective
parameters 1,2,...,k,... and 1/2 and, as such each T} is the sum of k iid geometric
random variables with parameter 1/2. Now, for i = 1,2

2+ 1,25+ 1,725+ 1. ..

is the corresponding sequence of iid geometric random variables with parameter 1/2.
Hence Z{, Z4, Z% . .. | is a sequence of iid random variables with E(Z}) = 1 and VarZ} = 2.
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Moreover the sequences Z{, Z, Z3 ... and Z% 73, Z2 ... are also independent.
We use the sequence Zj, Zi Zi... to approximate a standard Brownian motion. Let

k=0,...,nand t = k/n, and define
> (Zi-1)
V2n '

For t € (k/n,(k+1)/n), k =0,1,...,n — 1, again define B/ (t) by linear interpolation.
By (2.3) and (2.4), it thus follows that

Bi(t) = —

e k
G+ =g'(0) = (2= 1) =n— N+ Vanb: (g) |

i=1

Hence, by (2.2)

LOL = max Kn Ny VB! (E)) A <n N7 (5))} . (@25)
0<k<N; ANz n n

Note that

Mw

k
Ti=> (Zi+1)=> (Z— 1)+ 2k = V2 Bl( )+2k (2.6)
j=1

J:1

Moreover, N; is a binomial random variable with parameters n and 1/2, and thus for n

large it is highly concentrated around its mean n/2. These notations and facts will give
us:

Theorem 2.1 Let X1, X,,...,X,,...andY1,Ys, ..., Y, ... be two independent sequences
of iid Bernoulli random variables with parameter 1/2. Then

— Imax

o max - [wiy (B0 - 350 ), 27

where B' = (B(t)) 01y and B> = (B*(t)),cpo. are two independent standard Brownian
motions.

LCI, —n/2 {

Proof. The selfsimilarity property of Brownian motion B = B(t).c[,1], implies that

s (20 -3700) = ey 2 (2032 5))

So, to prove (2.7), it suffices to show that

ol e [ (m0-57 (5))) >



Let a, b, c,d be reals. Then
[(anb)—(a+c)A(b+d)| <|c|V]d|

Hence, for ay, by reals,

...............

1 - N A
D, = max {(7% — =B} (—1) + B}
0<k<NiANa 2 n

Let
1 - N - 1 - N- R
U,:= max —~B' () + B! k B 2) + B k
0<k<N1AN2 2 n n 2 n n
By (2.9),
1Dy — Un| < 78] V72 (2.10)
Let
1 - 1 A 14 1 .
V., = max —-B ) +B} k AN —=B2(=)+ B2 k :
0<k<N1AN2 2 2 n 2 2 n
By (2.9),
R 1 A N 1] 1 A N-
<-[B'(z)-B' (= SIB2 () =B 22)]. 2.11
et ) () Q) () e
Let
X, = ma L (YY) a (<22 (1) + B2
e o X —= — —— — )
0<t<1/2 2 "\2 " 2 "\2 "
Hence,



In the following, let i = 1,2 be fixed, and let us skip it from the notation.
By the very definition of B,,,

max <§n(t) - B, <1)) = max (Bn <E) - B, <1)> V0.
te[$.2] 2 k=rn/27,.. N n 2

Let m = [n/2], where [-] is the usual ceiling (or greatest interger) function, then

j=m
where
Ao/m A 1
gm: \/271 <Bn (E) _Bn (5)) s gm—‘,-l:Zm—i-l_l’ £m+2:Zm+2_17---7£k:Zk—1.
Clearly,
6 = 0, if n is even,
" $(Zi, — 1) otherwise.
Let v 1
nn
o={|% 3= 5]
Note that
1 |< N
max ——— | >e3 C max — I >eruUCe.
{k:m """ N +\/2n ;gy } {k:m ..... n/2+\/ﬁlnn\/% ;gy } "

By Kolmogorov’s inequality,

P | max
te[3, 5]

1 k
—n ZSJ >€>

k
1
<P — N g
- <k:m,...,rrrzl/a2i(—\/ﬁlnn \/ﬁ _mej

Jj=

> 5) +P(Cy)

Next, P(C¢) — 0. Indeed, N ~ Bin(n,1/2) and so,

P(C%) = P(IN — n/2| > /nlogn) < 2¢2logn)?*/n — 9c=2(logn)*
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Thus,
. . (1
max <Bn(t) - B, (—)) Lo, (2.13)
e8] 2

implying that V,, — X, Zo.

Now
X, -V, < max (B;(t)—ég (&))v max (Bg(t)—ég (ﬂ)) (2.14)
el 53] nJJ el n

To prove that

k
. .~ (N
P | max |B,(t)— B, (—) >¢c| =P | max Zgj > e
te[% %] n k=N,..m /2n N
1 k
<P max — Z §| > ¢
k=n/2—y/nlnn,...m \/2n j=n/2—ilnn
+P(C7)
— 0.

Hence, X,, — V,, = 0, and so | X — Vil 0. Together, the convergence results (2.13) and
(2.15) imply that

()4

ie. [U, — V| 5o.
Let us next prove that % Zo. Again, we skip ¢ from the notation. By (2.6),

" V2n V2n Von o

n
Hence,
n/2—N n—-Ty IB (N)
V2n 22 27" \n)’
and /2—N 1 N T
n/2— - n—"Ty
" = +=-B,|— | =
7 2n 2 (n) 2v/2n



Now, Tl is the location of the last zero in X,..., X, and so P(n — Ty = j) = 277+ if
j=0,...,n—1 while P(n — Ty = n) = 27". Hence, for any ¢ > 0,

1 2¢v2n
P(jn —Tn| > 2ev2n) =P(n —Tx > 2ev2n) < (5) — 0.
The convergence of v, £ 0 follows.
Hence, |D,, — U,| Lo, |U,, — Vi L0 and | X — Vil £ 0 and so
D, — X,| & 0. (2.16)

Let Y i = 1,2 be C|0, 1]-valued random element so that

) 1~ /1 N

Since B! = B', it holds that

. 1 /1
Y'=B'—=-B"| = = 1,2.
n # 2 (2) Y ? )

Let Y, := (Y}, Y?). Then Y, is a C[0,1] x C|0, 1]-valued random element. Since Y,! and

n n

Y? as well as B! and B? are independent,
Y, = (B', B?).

Let, for every (y1,y2) € C[0,1] x C[0,1], |[(y1,y2)|| := |y1ll + ||ly2]|. This metric generates
the product o-field on C0, 1] x C[0,1]. The mapping

fC0,1] x C[0,1] = C0,1],  f(y1,92) = y1 Ay
is continuous. By the continuous mapping theorem,
1 1 1 1
1 2 1 tpi 1t 2 Lol
v (- Lo (8)) o (- Lo ().

Again, by the continuous mapping theorem,

X, = tgﬁ(} (Y () AYZ() = tgf(?;f] [(Bl(t) - %Bl (%)) A <B2(t) - %BQ (%))] :

By (2.16), D,, converges in distribution to the same limit. u

It would be interesting to find a more explicit representation for the law of the limiting
distribution obtained in the above theorem, in other words for the law of

1 1 } ‘

s 5 [B(0) = 350 - |B(0) - 350
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